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,%áHí`à¢á�âeî`ø�ò�ä�á�í`äXá�à¢ò�â�êsà¢òqó¢à�á�â�ãqà¢á�á�ä�Þºå�Ý0ã�î�÷�á�ìëß¨ì�à¢á�â¨òqìëóÉÝ�á�ß�ä �
- �/. �Y|jz�|
�s�����
	10k�!�&�?�J�"�K�M�?��e¡��;�?�J�"�;�^�M�"�j���§�J�?�£�)�

exp
�)�"���¨� ¥F�;�K³`¥O�¦�{�?�Å¥¹�K�M�?�H�F�"¯µ��;�M���"¥F�

R
�F�X�¨�´�¨³`¥q���^�M�?�Z��� Ç��"���"�;�^�M�"�j���

y′ = y
³`¥F�!���"�T� µ§�X�g�-�)�?�s���j�^�M�?�°�j�;�j�K�K�����

exp(0) = 1
�

� xF~��qy�� �YxÑ� üYÝ �_à�á�í�ß¨ì�à¢á
exp

ä`âeß§î�óFì�ã�ä�é1é�ä`á�ß·í�à¢á�ß�ìëáFòqä�ã�î`ÞeìëóÉÝ�û�åëä<ê�ò�ìëâ¨ø�ò�ä�â¨Ýã�î�Þ¨ìgó¢î`ä*ìëá�ß�ä`ÞnóFì�ä`á�ß�ã�Ý�á�â�åMæçî`ø�ò;Ý?ß�ì�à�á	ã�ì�	Cî`Þeä`á�ß�ìëä`åëå�ä�ð2,%áÑà¢òqß¨Þ¨ä0ê�òqì�â¨ø�ò�ä
exp′(x) =

exp(x)
à¢á�í�à¢á�í`åëòqß!øFòqä�åõÝ�ã�î`Þeìëó�î`ä

exp′
ä`ânß§ä�å�å�ä�é�ï`é�ä�í`à¢á�ß�ìëá�ò�ä<ã�î�Þ¨ìgó�ÝÉû�å�ä�ä�ß¦ê;Ý�ÞÞeî`í`òqÞ¨Þ¨ä�á�í`äÁø�ò�ä

exp
ä`âeßºìëá�ã�î�÷�á�ì�é�ä`á�ß�ã�î�Þ¨ìëóÉÝ�ûqå�ä�ð

� xF~��qy�� �YxÑ� � áVó¢î`Þeìë÷;ä<øFòqä�åõÝ+âeà¢å�òqß¨ì�à¢á1ã�ä�å^æùî�øFò�ÝÉß�ìëà¢á � � !�ø�ò�ìJêqÞ¨ä`áqãHå�ÝÁóÉÝ�åëä`ò�Þ
y0

ÝÉòêsà¢ì�á�ß
x0

ä`ânß
y0 exp(x − x0)

ð
3 4 Ö �65 Û87§Ö �69 ��Öh× ��ÖhÛ��§ÕJ�69
� ê�Þ¨î�Þ¨ä`ø�ò�ìëâ �;å�ä�ß �qî`à¢Þ �`é�ä�ã�ä`â�óÉÝ�å�ä�ò�Þ¨â·ìëá�ß¨ä`Þeé1î�ã�ìõÝ�ìëÞ¨ä�â`ð
!
���	� �Oy�
¹~ x ���
	 �_<¥��¨�?���;:Ï�?�H�������"�^�K�e���j�Ì���j���)�"� �"���"�;�h���º�j½;�)�?��Ã"���

(2.1)
�ç±<0k��&�?�J�"�K�M�?�

exp
�)�"��� �?¥"�&�?¥F���

> 0
�

� y�x���wsx�� ��ä`é1Ý�Þ¨ø�ò�à¢áqâ�ø�ò�äºê;Ý�Þ�ã�î"÷;á�ìgß�ì�à�á�å�Ý��_à¢á�í"ß�ì�à�á
exp

ákæçä`ânß¦ê�Ý�â!å�Ý��_à¢á�í�ß¨ì�à¢áá�ò�åëå�ä�ð � ìºåõÝ��_à�á�í�ß¨ì�à¢á
exp

â`æùÝ�á�á�ò�å�Ý�ìëß�ä`áÍò�áÍêsà¢ì�á�ß
x0

þ¦ì�å�äTèqìëâeß¨ä`Þ�ÝÉìëßÏÝÉòÍé1à¢ìëá�âã�ä�ò¹èâ¨à¢åëòqß�ìëà¢á�â�ã�ä
y′ = y

ó¢î�Þ¨ìë÷;Ý�á�ß�åõÝ*í�à¢á�ã�ìgß�ì�à�áìëá�ìëß¨ìõÝ�åëä
f(x0) = 0

þsô1â¨Ý{ó�à¢ì�ÞºåõÝ
�_à¢áqí�ß�ìëà¢á	á�ò�åëå�ä+ä"ß�åõÝ �_à�á�í�ß¨ì�à¢á

exp
ð �¦ä�í`ì%í`à�á�ß¨Þ¨ä�ã�ìëß�åëäXß ��î`à¢Þ �`é�ä � ð ÿ ð �¦à¢é�é�ä+åõÝ

�_à¢áqí�ß�ìëà¢á
exp

ä�âeß�í�à¢á�ß�ì�á�ò�äÉþkø�òkæçä`å�åëä0á�ä*â�æ Ý�áqáFòqå�ä �¨Ý�é1Ý�ì�âºä�ß�øFòJæùä�å�å�ä+ä`âeß
> 0

ä`á
0ä�å�å�ä<ä`âeßºânß�Þ¨ìëí�ß¨ä`é�ä`á�ßºêCà¢âeìëß¨ìëó¢ä�âeò�Þ·ß�à¢ò¹ß

R
ð
=



� �Oy�� �+�(�;|Ky�x ���
	10����&�?�J�"�^�M�?�
exp

�)�"���"�K�T�M�"�£�"���"�;�·�"���?���)�`���;�£�`�
� y�x���wsx�� �¦à¢é�é�ä

exp′(x) = exp(x)
ä"ß�øFòqäÁå�Ý �_à¢á�í"ß�ìëà¢á

exp
ä`ânß

> 0
þ¹åõÝ0ã�î�Þ¨ìëó�î`ää�âeßºâeß¨Þ¨ì�í"ß�ä�é1ä�á�ßºêsà¢â¨ìgß�ìgó¢ä�Ý�ìëá�â¨ì�ãJæ Ý�ìëå�åëä`ò�Þeâ¦ø�ò�ä�ß�à¢òqß¨ä`â�å�ä�â·ã�î`Þeìëó�î`ä`âºâ¨òqí`í`ä�â¨âeìëó¢ä�â`ð

� xF~��qy�� �YxÂ� ä�á-ê;ÝÉÞeß�ìëí`ò�åëì�ä�Þ·êCà¢òqÞ
x < 0

à¢áÝ
exp(x) < 1

ä"ß<êsà¢ò�Þ
x > 0

à¢á	Ý
exp(x) > 1

ð
���	� �Oy�
¹~ x ����� 0���&�?�J�"�K�M�?� �e¡��;�?�J�"�;�K�M�"�j���Ñ�K�¨���q�_�&�?�T���Ñ���)�°�{�?�*���)� �"���s���?¯��¥F�j�_�`���!�Å¥��·�s���)�"���{�"���"�;�_²C�;�?¥¹��� �?¥¹�

a ∈ R
�"�!� �?¥F�

b ∈ R
�?�$�

exp(a + b) = exp(a)exp(b).

� y�x���wsx�� �¦à¢á�âeì�ã�î�Þ¨à¢áqâºå�Ý �_à¢á�í�ß¨ì�à¢á
g(x) =

exp(x + a)

exp(a)
.

� áÑÝ
g′(x) = g(x)

ä�ß
g(0) = 1

ð � á	í`à¢áqí`å�ò¹ß�ã�à¢á�í+øFòqä
g(x) = exp(x)

ãkæùÝ�ê�Þ �`âåëä�ß ��î�à¢Þ ��é1ä � ð ÿ ðOÜhÝ�Þ·â¨ò�ìgß�ä
exp(x + a) = exp(a) exp(x)

ð
� �Oy�� �+�(�;|Ky�x �������º�?¥F���£�?¥F�

x ∈ R

exp(−x) =
1

exp(x)
.

� y�x���wsx�� � åYâ¨ò¹ú�ß�ãkæ ÝÉê�ê�å�ìëø�ò�ä`Þ�å�ä�ß ��î�à¢Þ ��é1ä0êqÞ¨î`í�î`ã�ä�á�ßÁÝ�ò¹èã�ä`òFè	á�à�é0û�Þ¨ä�â
x
ä�ß

−x
ð��<ìëá�â¨ì

exp(x−x) = exp(x) exp(−x)
þ&íÉæùä�âeßný£ô?ýÄã�ì�Þeä

exp(0) = exp(x) exp(−x)
þí�äÁø�ò�ì�ãqà¢á�á�ä�å�ä�Þeî`âeò�åëß�ÝÉß&ð
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� ê�Þ¨î�Þ¨ä`ø�ò�ìëâ �;åõÝ0ã�î"÷;á�ìëß¨ì�à¢á�ã�ä
ar
êsà¢ò�Þ

r
Þ�Ý?ß�ì�à�á�á�ä`å !

ÜYà¢ò�Þ
n
ä`á�ß�ìëä`Þ

≥ 0
à¢á�à¢ûqß¨ì�ä`á�ß �KÝ�í�ì�åëä`é�ä`á�ß·ê;Ý�Þ�Þeî`í`òqÞ¨Þ¨ä�á�í`äÁø�ò�ä

exp(n) = (exp(1))n.

�



�¦ä�í`ìsâ`æçî�ß�ä�á�ã�ß¨à¢òqß!ã�ä<âeò�ìëß¨ä<ô
Z
ß�à¢òqß�ä�á�ß¨ì�ä�Þ �¢Þ���í`ä<Ý�ò�í`à¢Þeà¢å�å�Ý�ì�Þeä T ð � ð ,�á�òqß�ìëå�ì�â¨Ý�á�ßåëä �KÝ�ìgßºøFòqä+åõÝ8â¨à�é1é�äXãqä

q
ß�ä�Þ¨é�ä`â<î ��Ý�ò¹è-ô

1/q
óÉÝ�òqß

1
à¢áä`á	ãqî`ã�ò�ìgß<ø�ò�ä+êCà¢òqÞß¨à¢òqß�ä`á�ß¨ì�ä`Þ

q > 1

exp

(

1

q

)

= (exp(1))
1

q .

,%áròqß�ìëå�ì�â¨Ý�á�ß*åõÝ°âeà¢é1é�äÏã�ä
p
ß�ä�Þ¨é�ä`â8î ��ÝÉò¹èRô

1/q
à¢árà¢ûqß¨ì�ä�á�ß8ø�ò�äHêsà¢ò�Þ*ß�à¢ò¹ßÞ¨ÝÉß�ìëà¢á�á�ä�å

p/q > 0
à¢áHÝ

exp

(

p

q

)

= (exp(1))
p

q .

,%áq÷;á$ä`áÑòqß¨ì�åëì�â�ÝÉá�ß�é�Ý�ìëá�ß�ä`á�Ý�á�ß�å�ä*í�à¢Þ¨à¢åëåõÝ�ìëÞ¨ä T ð � à�á$à�ûqß�ìëä`á�ß�ø�ò�ä�êCà¢òqÞ�ß�à¢òqß�Þ�Ý?ýß¨ì�à¢á�áqä`å
r

exp(r) = (exp(1))r.
� xF~��qy�� �Yx� � ì;à¢á1Ý�ã�é�ä�ß�åëä �KÝ�ìëß�ø�ò�äºã�ä�ò¹è �_à¢á�í"ß�ì�à�á�â%í`à¢á�ß¨ì�á�ò�ä`â�ø�ò�ì;í`à��Äá�í�ì�ã�ä�á�ßâeò�Þ

Q
â¨à¢á�ßºî �¢Ý�å�ä�â·â¨ò�Þ

R
à¢á�êsä`òqßºì�áqã�ì�ø�ò�ä�Þ·åõÝ0í`à�á�í`åëò�â¨ìëà¢á�â¨ò�ìgó�ÝÉá�ß¨ä �âeìYáqà¢ò�â<áqà�ß�à¢áqâ

e = exp(1)
þOåõÝ �_à¢á�í�ß¨ì�à¢á

exp
ä`âeß�åõÝ8â¨ä�ò�å�ä �_à¢á�í"ß�ìëà¢áí�à¢á�ß�ìëáFòqä+ø�ò�ìí�à��Äá�í�ì�ã�ä�Ý&ó�ä`í

er
âeò�Þ�å�ä�â·Þ�ÝÉß¨ì�à¢á�áqä`å�â�ð

ü%æçî�ß�òqã�äXêqÞ¨î`í�î`ã�ä�á�ß�ä+é�à�ß¨ìëó¢ä�å�Ý ���;z �qz{|
�s� ø�ò�ì �¢î�á�î`Þ¨Ý�å�ìëâ¨ä�åõÝ*á�àÉß)ÝÉß¨ì�à¢á �;ÝÉû�ìëß¨ò�ä`åëå�äâeò�Þ
Q
þ

exp(x) = ex.
��ì�á�âeìkå�ä�ß ��î`à¢Þ �`é�ä T ð � â�æùäTèqêqÞ¨ì�é�ä�â¨à¢òqâºå�Ý �_à¢Þ¨é�ä

ex+y = exey.
� á�êCä�òqßºî`í�Þ¨ì�ÞeäÁÝ�ò�â¨âeì

e−x =
1

ex
.
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f
�"¥F�

R
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x
�"���£�?¥F�

y
�)�)�"� �*�?�°���j�

f(x + y) = f(x)f(y)�"�
f(1) = e.¶!�"�K�£���&�?�J�"�K�M�?�

f
�)�"�!�g���&�?�J�"�K�M�?� �e¡��;�?�J�"�;�K�M�"�j���`�
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���	� �Oy�
¹~ x�� ��� ©"�·�e¡¢���"�£�V¥¹�J���&�?�J�"�^�M�?���F�"�T�j�?��¼`���

f
�"¥F�

R
�"��¥F�J�1�{�"¥F���Ï� �"�j���³`¥;�·�;�?¥¹��� �?¥F�

x
�"���£�?¥F�

y
���)�"� �*�?�Ñ���j�

f(x + y) = f(x)f(y)

�"�
f(1) = e.¶!�"�K�£���&�?�J�"�K�M�?�

f
�)�"�!�g���&�?�J�"�K�M�?� �e¡��;�?�J�"�;�K�M�"�j���`�
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� ê�Þ¨î�Þ¨ä`ø�ò�ìëâ �;å�ä`â·âeò�ìëß¨ä`â�á�ò�é�î`Þ¨ìëø�ò�ä`â !
��ä`é1Ý�Þ¨ø�ò�à�á�â§ø�ò�ä�ê�òqì�â¨ø�ò�ä�å�Ý �_à¢áqí�ß�ìëà¢áVäTèqêsà¢á�ä�á�ß�ì�ä�å�åëä<ä`ânß·âeß¨Þ¨ìëí�ß�ä�é1ä�á�ß·í`Þeà¢ì�âeâ�Ý�á�ß�äåëä á�à�é0û�Þ¨ä

e
ä`ânß°âeß¨Þ¨ì�í"ß�ä�é1ä�á�ßê�åëò�â �¢Þ¨Ý�á�ã ø�ò�ä

1
ð�ñ�à¢ò�â-Ý&ó¢à¢á�â-ûCä�â¨à¢ìëá ì�í�ìÁãqäø�ò�ä�å�ø�ò�ä`âºÞ¨î�â¨ò�ågß)ÝÉß¨â·â¨ò�Þºå�ä�â·â¨ò�ìgß�ä�â`ð

���	� �Oy�
¹~ x����
	 �^ª·�"���;�"���"¥F�·���)�¦�"¥F�j�£�)� ± ���?¥F�§� �?¥¹�Y���)�"�
a > 1

�g���"¥¹�j� ���F�§�£�"�T���¤F�"�J�"�e���
un = an

�)�"�·�"�)�?���)�`���;� �0�"�¦���j���"�^¤F�����"���
+∞

�
� y�x���wsx�� ü.Ý�í�Þ¨à¢ìëâ¨â¨Ý�á�í`ä8ä�âeßXí`åõÝÉì�Þ¨ä+ê�ò�ì�âeø�ò�ä

un+1 = aun

Ý&ó¢ä�í
a > 1

ð!,%í`Þeìëó¢à�á�â
a = 1 + b

Ý{ó�ä`í
b > 0

ð �<åëà¢Þ¨â
an = (1 + b)n ≥ 1 + nb,

í�äÁø�ò�ì�êqÞ¨à¢òqó�äXø�ò�ä�å�Ý8âeò�ìëß¨ä
(un)n

ã�ìgó¢ä�Þ �¢ä�ó¢ä�Þ¨â
+∞

ð
���	� �Oy�
¹~ x��������^ª·�"���;�"���"¥F�����)���"¥F�j� �)� ± ���?¥F�1� �?¥F�����)�"�

a > 1
�"�<� �?¥¹�Á�"�;�^�M�"�

k ≥ 0
²%�g���"¥¹�j� �+�F��� �"�"���<¤F�"�J�"�e���

un = an

nk

���j���"�^¤F�����"���
+∞

�
� y�x���wsx��
� à�ìëß·ò�áHá�à¢é+û�Þ¨ä

b
ß¨ä`åkø�ò�ä

1 < b < a
ð �ºä�é�ÝÉÞ¨ø�ò�à¢á�â�ø�ò�äÁêCà�ò�Þ§ß�à¢ò¹ß

n > 0

1 ≤

(

n + 1

n

)k

,

	



ä"ß�ø�ò�ä
lim

n→+∞

(

n + 1

n

)k

= 1.

�<à�á�í�ì�åkäTèqìëâeß¨ä
n0

ß¨ä`å�ø�ò�ä�êsà¢ò�Þ·ß�à¢ò¹ß
n ≥ n0

à�á-Ý�ìgß

1 ≤

(

n + 1

n

)k

≤ b.

,%áHí`à¢á�âeî`ø�ò�ä�á�í`äXêCà¢òqÞ�ß¨à¢òqß
n ≥ n0

un+1

un

= a

(

n

n + 1

)k

≥
a

b
.

�<à�á�í

un+1 ≥
(a

b

)n+1−n0

un0
.

�¦à¢é�é�ä
a/b > 1

à�áä�áã�î�ã�ò�ìgß�å�ä�Þ¨î�â¨ò�ågß)ÝÉß�ä�áHó�ä`Þnß�ò-ãqòHß ��î`à¢Þ �`é�ä�ê�Þ¨î�í`î`ãqä`á�ß&ð
�¦ä�â�Þeî`â¨òqåëß)Ý?ß�â§ó¢à�á�ß�â`æçî�ß¨ä`á�ãqÞ¨äXô8å�Ý �_à¢á�í�ß¨ì�à¢áÏäTè¹êCà¢áqä`á�ß�ìëä`å�åëä�ð
���	� �Oy�
¹~ x������ 0����&�?�J�"�K�M�?� �e¡��;�?�J�"�;�K�M�"�j�������"�T� µ§�

lim
x→+∞

ex = +∞

�"�
lim

x→−∞

ex = 0.

� y�x���wsx�� � à¢ìëß �����qð � åqäTè¹ì�âeß¨ä§ãkæùÝ�ê�Þ �`âÌåëä!ß �qî`à¢Þ �`é�ä¦ê�Þeî`í`î�ã�ä`á�ß�ò�á
n0

ß�ä�åqø�ò�ä§êsà¢ò�Þß¨à¢òqß0ä�á�ß�ì�ä�Þ
n ≥ n0

à¢á�Ý�ìgß
en ≥ A

ð��-Ý�ìëâ+å�Ý �_à¢á�í"ß�ìëà¢á
ex

ä`ânß*í`Þeà¢ì�âeâ�Ý�á�ß¨äVã�à¢á�íêsà¢ò�Þ§ß¨à¢òqß
x ≥ n0

à¢áHÝ
ex ≥ en0 ≥ A

ðü.Ý*ã�ä`òFèqì��`é�ä�å�ì�é�ìëß¨ä�âeä�ß�Þ¨à�òqó¢äÁä`áHòqß�ìëå�ìëâ�Ý�á�ß§å�Ý �_à¢Þ¨é0òqå�ä
e−x =

1

ex
.

���	� �Oy�
¹~ x���� � Îk�?�j�
k
¥¹�Z�"�;�K�M�"�

≥ 0
��<���?���

lim
x→+∞

ex

xk
= +∞

�"�
lim

x→−∞

xkex = 0.

�



� y�x���wsx�� � á�ó�Ý·ê�Þeä`á�ãqÞ¨ä
k ≥ 1

êqò�ì�âeøFòqä!êsà¢ò�Þ
k = 0

à¢áÁã�ì�âeêCà�â¨ä�ã�î��¨ô�ã�òÁÞ¨î�â¨ò�ågß)ÝÉß`ðü.Ý*ã�î`Þeìëó�î`äÁã�ä�åõÝ �_à¢á�í"ß�ìëà¢á
g(x) =

ex

xkä�âeß
g′(x) =

exxk−1(x − k)

x2k
.

�<à�á�í0êsà¢ò�Þ
x ≥ k

åõÝ �_à¢áqí�ß�ìëà¢á-ä�âeß�í�Þ¨à¢ìëâ¨â�ÝÉá�ß¨ä�ð � à¢ìëß
A > 0

ð � á°â�Ý�ìgß�ãkæùÝ�ê�Þ �`â�å�ä�âÞ¨Ý�ê�êsä`å�â·ø�òkæçì�åJä"è¹ì�ânß�äÁò�á�ä`á�ß�ìëä`Þ
n0

ß�ä�å�øFòqäXêsà¢ò�Þ§ß¨à¢òqß�ä`á�ß¨ì�ä`Þ
n ≥ n0

à¢áHÝ�ìgß
g(n) ≥ A.

�¦à¢é�é�ä�êCà¢òqÞ
x ≥ k

åõÝ �_à¢á�í"ß�ìëà¢á
g
ä`ânß<í�Þ¨à¢ìëâ¨â¨Ý�á�ß�äÁâ¨ì.à¢áHêCà¢âeä

n1 = Max(k, n0)
þÝ�åëà¢Þ¨â¦êCà¢òqÞ�ß¨à¢òqß

x ≥ n1

à¢á-Ý
g(x) ≥ g(n0) ≥ A.

�¦à¢é�é�ä�ê�Þ¨î�í`î�ã�ä`é�é1ä�á�ß&þOåõÝ0ã�ä�ò¹è¹ì���é1ä�å�ìëé1ìgß�äºâ¨ä�ß�Þeà¢òqó¢ä�ä�áòqß¨ì�åëì�â�ÝÉá�ß§åõÝ �_à¢Þeé0ò�å�ä

e−x =
1

ex
.

�¦à¢é�é�ä�í`à¢áqâ¨î`ø�ò�ä�á�í`ä+à¢á�à¢ûqß�ìëä`á�ß
���	� �Oy�
¹~ x���� ���º�?¥F���£�?¥F� ���&�?�J�"�^�M�?�1�;�?�Å�?���?�*�K�������J�?�	�;¥F�j���

P (x)

lim
x→+∞

ex

|P (x)|
= +∞

�"�
lim

x→−∞

P (x)ex = 0.

� xF~��qy�� �Yx � ü�ä`â�åëì�é�ìëß¨ä`â0ã�ä�â�é�ï`é�ä`â �_à¢á�í"ß�ìëà¢á�â�ä`á
0
â¨à�á�ß1í`à�á�á�ò�ä`âVêqò�ì�âeøFòqä

limx→0 ex = 1
ð

�<ä�åõÝ�í`Þeà¢ì�âeâ�Ý�áqí`ä�âeß�Þeì�í"ß�ä�ã�ä
exp

ä�ßXã�ä�â¨à¢á í`à¢é�êsà¢Þeß¨ä`é�ä`á�ßÁä`á
+∞

ä�ß
−∞

à¢áí�à¢á�í`åëòqß�ø�ò�ä �
���	� �Oy�
¹~ x������ 0����&�?�J�"�K�M�?�

exp
�)�"�·¥F�J�8¼`� �&�)�"�K�M�?�°�"�^�T�M�"� �"���"�;���"���?���)�`���;�£�*�F�

R
�"¥¹�

R+∗
�
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� �� �  5 Û�������Ø��69 �É×XÔ�Ú!Õ.Û"×+Ô 9 �����°×+Ô���Ô*Õ.Û��������69
ÜhÝ�Þeß¨à¢á�â�ã�ä�åMæçî`ø�ò;ÝÉß¨ì�à¢áÏãqì�	Cî`Þ¨ä�á�ß�ì�ä�å�åëä

y′ = cy
�
c 6= 0

!Tð
���	� �Oy�
¹~ x ���
	 �º�?¥F���£�?¥F�

x0

�"�h� �?¥¹�
y0

���)�"� �)².�¨�´�¨³`¥q���K�M�?����� Ç��"���"�;�^�M�"�j���
y′ = cy�������"��¥F�J���{�?�Å¥¹�K�M�?�	¥F�;�K³`¥O�

g
���"�T� µ!���;�

y0 = g(x0)
�

� y�x���wsx�� ñºà¢ò�âºó¢î`Þeìë÷;à�á�â�ø�ò�ä0å�Ý �_à¢áqí�ß�ìëà¢á-ãqî�÷;á�ìëä+ê;ÝÉÞ
g(x) = y0exp(c(x − x0))ä�âeßÌòqá�ä¦âeà¢å�òqß¨ì�à¢áJð � æùìëå�ä"è¹ì�ânß�ä¦òqá�ä§Ý�ò¹ß�Þ¨ä�â¨à�å�òqß¨ì�à¢á

g1

þ�Ý�åëà¢Þ¨â.í�à¢á�â¨ìëã�î`Þeà¢á�âhåõÝ �_à�á�í�ß¨ì�à¢á
g1/g

� à¢á$â�ÝÉìëß�ø�ò�ä
g
á�ä�â`æùÝ�á�á�ò�å�ä8ê;ÝÉâ"!"ðYü.Ý�ã�î`Þeìëó¢î�ä1ãqä�í�ä�ßeß�ä �_à¢á�í�ß¨ì�à¢á$ä`ânßÁáFòqå�å�äã�à�á�í�å�ä�Þ¨Ý�ê�êsà¢Þeß

g1(x)/g(x)
ä`ânßºí`à¢á�ânß)Ý�á�ß�ä"ß�í�à¢é�é1ä�í`ä�Þ�Ý�êqêCà¢Þnß§óÉÝ�òqß

1
ä�á

x0

ì�åóÉÝ�òqß·ß¨à¢ò �eà¢òqÞ¨â
1
ð

�¦à¢áqâ¨ì�ãqî`Þ¨à�á�â+åëä1í`Ý�â+à��
x0 = 0

ä"ß
y0 = 1

ð �<ìëá�â¨ì
g(x) = exp(cx)

ð � áÂÝ-Ý�å�à¢ÞeâÝ�òqâ¨â¨ì�êsà¢ò�Þ·ß¨à¢òqß�í`à�ò�ê�å�ä
(x, y)

ã�ä�Þ¨î�ä`å�â
g(x + y) = g(x)g(y).

ÜYà¢â¨à¢áqâ
a = g(1) = exp(c)

ð �¦à¢é1é�ä8ã;Ý�á�âÁåMæçî�ß¨ò�ã�ä�ê�Þ¨î�í`î�ã�ä`á�ß�ä�à¢á é�à¢á�ß�Þeä1ø�ò�äêsà¢ò�Þ+ß¨à¢òqß8Þ¨ÝÉß�ìëà¢á�á�ä�å
r
à¢ácÝ

g(r) = ar
ð �¦ä�í`ì·é�à�ß�ìgó¢äVå�Ý	á�à�ß�ÝÉß�ìëà¢á

g(x) = ax
ð

��ì�á�âeìkà¢áÝ8åëä��_à¢á�í"ß�ì�à�á�á�ä`é�ä`á�ß�âeò�ìëóÉÝ�á�ß�ã�ä�â�á�àÉß)ÝÉß¨ì�à¢á�â·ìëá�ß�Þ¨àFã�ò�ìgß�ä�â
g(x) = ecx = ax = (ec)x .

�¦ä�í`ì.ä`ânß�ä�á�í`à�Þ¨ä�óFÞ�Ý�ì�êsà¢ò�Þ
c = 0

ð
ñºà¢ò�â�â¨à¢é�é�ä`â·é1Ý�ì�á�ß�ä�á;Ý�á�ß�ä`áHé�ä`â¨òqÞ¨ä�ã�ä�ã�î`é�à¢á�ß�Þeä`Þ·åëä�ß ��î�à¢Þ ��é1ä�â¨òqìëóÉÝ�á�ß �
���	� �Oy�
¹~ x ����� ©"�·�e¡¢���"�£�V¥¹�J���&�?�J�"�^�M�?���F�"�T�j�?��¼`���

f
�"¥F�

R
�"��¥F�J�1�{�"¥F���Ï� �"�j���³`¥;�·�;�?¥¹��� �?¥F�

x
�"���£�?¥F�

y
���)�"� �*�?�Ñ���j�

f(x + y) = f(x)f(y)

�"�
f(1) = e.¶!�"�K�£���&�?�J�"�K�M�?�

f
�)�"�!�g���&�?�J�"�K�M�?� �e¡��;�?�J�"�;�K�M�"�j���`�

� y�x���wsx�� ñ�à¢òqâ¦Ý&ó¢à�á�â!óFòVø�ò�äºåMæçä"è¹êsà¢á�ä`á�ß¨ì�ä`åëå�ä·ó¢î�Þ¨ìg÷;ä�åëä`â�í`à¢áqã�ìëß¨ì�à¢á�â%ãqä`é1Ý�á�ã�î�ä`â`ð
� à�ìëß·é1Ý�ì�á�ß¨ä`á;Ý�á�ß�ò�áqä �_à�á�í�ß¨ì�à¢á

f
ó¢î�Þ¨ìg÷OÝ�á�ßºå�ä`â·í�à¢á�ã�ìgß�ìëà¢á�â·ã�ò�ß ��î�à¢Þ ��é1äÉð �<åëà¢Þ¨â

f(x + h) − f(x)

h
= f(x)

f(h) − 1

h
.
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ÜhÝ�Þ�â¨ò�ìgß�ä�þ
f ′(x) = f(x)f ′(0).

� á�ä`áHí`à¢áqí`å�ò¹ß�ø�ò�ä
f
ä`ânß<ãqäÁå�Ý �_à¢Þeé1ä

f(x) = eλx,

ä"ß�å�Ý0í`à¢áqã�ìëß¨ì�à¢á
f(1) = e

á�à�ò�â�ã�à¢á�á�ä
λ = 1

ð
� �� �?×XÔHÚ�Õ.Û�×XÔ ��×�� �ÖhÛ"Õ�� 5 � Ô����.�§ÖhÛ���Ô
� Ü�Þeî`Þeä`ø�ò�ì�â � �_à¢á�í�ß¨ì�à¢áqâ�Þeî`í`ìëê�Þ¨àFø�ò�ä`â�à¢ò-òqá	â¨ò�ûqâeß�ìgß�òqß � ß ��î`à�Þ �`é�ä+ãqä`â�óÉÝ�åëä`ò�Þeâ�ìëá¹ýß¨ä`Þ¨é�î`ãqìõÝ�ìëÞ¨ä`â !"þ¹å�ì�é�ìëß¨ä`â!ã�ä`â �_à¢á�í"ß�ìëà¢á�â·í`à�é1êsà¢â¨î�ä`â�ð !
� $&% 'C1��	�,(D/0)3E ),+:2>/N13E>;6+:46(
� á°â�ÝÉìëß�ø�ò�ä8åõÝ��_à¢á�í�ß¨ì�à¢á

exp
ä�âeß�ò�áqä*û�ì �eä�í�ß�ìëà¢á°âeß¨Þ¨ìëí�ß�ä�é1ä�á�ß�í`Þeà¢ì�âeâ�Ý�á�ß�ä8ã�ä*å^æùìëá¹ýß¨ä`ÞeóÉÝ�åëå�ä

] − ∞, +∞[
â¨ò�Þ*å^æùìëá�ß¨ä`Þnó�ÝÉå�å�ä

]0, +∞[
ð ,%å�åëäVÝ�ãqé1ä"ß0ã�à¢áqíÏò�á�ä �_à¢á�í"ß�ìëà¢áÞeî`í`ìëê�Þ¨àFø�ò�ä°Ý�êqêCä�å�î`ä # �s�hÊ�z{|
�s� ����
2�qyÉ|jz � ~Zx[� � Ë � y?|KxF� á�à�ß�î�ä

ln
ø�ò�ì�ä`ânßÏò�á�äû�ì �eä`í"ß�ì�à�áÏâeß�Þeì�í"ß�ä`é�ä`á�ßºí`Þeà¢ì�âeâ�Ý�á�ß¨äÁãqä

]0, +∞[
â¨òqÞ

] −∞, +∞[
ð�,�áHê;Ý�Þnß�ìëí`ò�åëì�ä`Þ

lim
x→+∞

ln(x) = +∞,

lim
x→0

ln(x) = −∞.

��ä`é1Ý�Þ¨ø�ò�à�á�â·ø�ò�ä
ln(1) = 0.

� ê;ÝÉÞeß�ìëÞ·ã�ä�åõÝ0Þeä`åõÝ?ß�ì�à�á
exp(x + y) = exp(x) exp(y),à¢á�î"ß)Ý�û�åëìëß·ø�ò�äÁêsà¢ò�Þ§ß�à�òqß
x
ä"ßºß¨à¢òqß

y
Þ¨î`ä�å�â

> 0

ln(xy) = ln(x) + ln(y),ãkæçà��Hì�åCã�î`í�à¢ò�å�ä�ø�ò�ä

ln

(

1

x

)

= − ln(x).

� á�é1à�á�ß¨Þ¨äÁÝ�ò�âeâ¨ì�ø�ò�äÁêCà�ò�Þ§ß�à¢ò¹ß
a > 0

ä"ßºß¨à¢òqß
x
Þ¨î`ä�åMþ

ÿ �



ln (ax) = x ln(a).
,%á8ó¢ä`Þnß�ò�ã�ò8ß ��î�à¢Þ ��é1ä�â¨òqÞ�å�Ý�ã�î`ÞeìëóÉÝÉß¨ì�à¢á*ãkæçò�á�ä �_à¢áqí�ß�ìëà¢á8Þ¨î�í`ì�êqÞ¨àFøFòqä�þ�í`ä"ß¨ß¨ä �_à�á�í"ýß¨ì�à¢áÏä�âeß�ã�î`ÞeìëóÉÝ�û�åëä�ä�ß�Ý*êCà�ò�Þ·ã�î`Þeìëó�î`ä

(ln(x))′ =
1

x
.ü�ä�í&Ý�åëí`ò�åJã�ä�åõÝ0ã�î�Þ¨ìëó�î`äÁã�ä�åõÝ �_à¢áqí�ß�ìëà¢á

ln(1 + x)
ÝÉòHêsà¢ìëá�ß

x = 0
á�à¢òqâºãqà¢á�á�ä

lim
x→0

ln(1 + x)

x
= 1.

� T !

� $ # � (*),205 1 �A581 K:ES;61��	�,(D/�),E ),+:20/
��ÝÉá�â.åõÝ§é�ä`â¨òqÞ¨ä%à�� �_x¹} # �s�hÊ�z�|��s�h}�y � Ê�|_ËYy �*���YxF}§�.xX} �s�Cz·Ë	�;} � �ËYy���
sy��;~Z~Zxìëå �KÝ�òqßXã�î�ß�Ý�ì�åëå�ä`Þ�å�ÝHãqî`é1Ý�Þ¨í���ä�ê�Þeî`í`î�ã�ä`á�ß¨äÏä`áZß¨Þ�Ý&óÉÝ�ì�åëåõÝ�á�ß�âeò�Þ+åëä�í`Ý�â+ê�Ý�Þeß¨ì�í`òqå�ì�ä�Þø�ò�ì�á�à�ò�â�ì�á�ß�î�Þ¨ä`âeâ¨äÉð
ü.Ý8ã�î�÷;áqìëß�ìëà¢áHã�ò-åëà ��Ý�Þeìëß �qé1ä�âeä �KÝ�ìgßºÝ�å�à�Þ¨â�ä`á	ò¹ß�ì�åëì�â¨Ý�á�ß·åõÝ8âeß¨Þ¨ì�í"ß�äÁé1à�á�à�ß�à�á�ì�ä�ã�äå^æùäTèqêsà¢á�ä�á�ß�ì�ä�å�åëä�í`à¢á��eò��¢ò�î�äXÝ&ó�ä`íÁå�ä�ß �qî`à¢Þ �`é�äÁãqä`â·óÉÝ�å�ä�ò�Þ¨â�ì�á�ß¨ä`Þ¨é�î`ãqìõÝ�ìëÞ¨ä`â�ð
ÜYà¢ò�Þ�ß�à¢ò¹ß

x > 0
ì�åÌäTèqìëâeß¨ä�òqá î�å�î`é�ä`á�ß

y ∈ R
ä"ßXòqá âeä`ò�å%ß�ä�å%ø�ò�ä

exp(y) = x
ð

�¦ä"ß�î�å�î�é1ä�á�ß�ä�âeß<Ý�ê�êsä`åëî�å�ä ��� 
 ��y?|jz � ~ZxH� � Ë � y?|KxF� �.x
x
ä"ßºä`âeßºá�àÉß�î

ln(x)
ð

ü.Ý �_à¢á�í"ß�ìëà¢áÏå�à �¢Ý�Þ¨ìgß ��é�ä<á�î�êCî�Þ¨ìëä`á�ä`ânß�òqá�ä��_à¢á�í"ß�ì�à�áÏâeß�Þeì�í"ß�ä`é�ä`á�ß�í�Þ¨à¢ìëâ¨â�ÝÉá�ß¨ä�ðOü�ä`âåëì�é�ìëß�ä�â¦ä�á
0
ä"ß

+∞
â¨à¢á�ßºÞ¨ä�â¨êsä`í"ß�ìëó�ä`é�ä`á�ß

−∞
ä�ß

+∞
ð

� Ü�Þeä`òqó�äXìëé1é�î`ãqìõÝÉß¨ä<ä`áHÞ¨ä"ó¢ä�á;Ý�á�ß�ô*å�Ý �_à�á�í�ß¨ì�à¢á
exp

ð !
ü.Ý �_à�á�í�ß¨ì�à¢á$å�à �¢Ý�Þ¨ìgß ��é�ä*á�î`êsî`Þeì�ä�áÂä`ânß0í`à�á�ß¨ì�á�ò�äÉð ,%áÂÞeä ��Ý�Þeã;Ý�á�ßXå�ä�ê�Þ¨à ��Þ�Ý�é�é1äÉþí�ä`í`ì�ãqä�óFÞ�Ý�ìgßºï�ß�ÞeäÁÝ�ã�é�ì�â`ð � áêsä`òqßºÝÉò�â¨âeì �KÝÉì�Þ¨ä<åMæùÝ�í�ß¨ìëóFìëß¨î�ø�ò�ì�â¨ò�ìgß&ð
� à�ìëß

x0 > 0
ð �¦à¢á�âeì�ã�î�Þ¨à¢áqâ<ò�á ��êCä"ß�ìgß ��ì�á�ß�ä�ÞeóÉÝ�åëå�ä

[y0 − ε, y0 + ε]
�
ε > 0

!ºÝÉòqß�à¢òqÞã�ä
y0 = ln(x0)

ð � à¢ìëß
x1 = exp(y0 − ε)

ä"ß
x2 = exp(y0 + ε)

ð �<åëà¢Þ¨â�ä`áó¢ä`Þnß�ò	ãqäå�Ý0í`Þ¨à�ì�â¨â¨Ý�á�í�äÁânß�Þeì�í�ß¨ä�ã�ä�åõÝ �_à¢á�í"ß�ìëà¢á�ä"è¹êCà�á�ä`á�ß�ìëä`åëå�ä�à¢áHÝ
x1 < x0 < x2.

�<ò �KÝ�ìgß·ø�ò�äXå�Ý �_à¢á�í"ß�ì�à�á
ln
ä`ânß<í�Þ¨à¢ìëâ¨â�ÝÉá�ß¨ä�à¢á�à¢ûqß�ìëä`á�ß�êsà¢ò�Þ·ß�à¢ò¹ß

x
ó¢î�Þ¨ìg÷OÝ�á�ß

x1 ≤ x ≤ x2å�Ý0ã�à¢ò�û�åëä�ì�á�î ��Ý�åëìëß�î
y0 − ε ≤ ln(x) ≤ y0 + ε,

ÿ T



í�äÁø�ò�ì�é�à¢á�ß�Þeä�åõÝ*í`à�á�ß¨ì�á�ò�ìgß�î�ã�ä
ln
ð

ü.Ýãqî`Þ¨ìgóÉÝ�û�ì�åëìëß¨î0â¨äVé�à¢á�ß�Þeä1ä�áÂÞ¨ä"ó¢ä�á;Ý�á�ß8ôå�ÝHãqî�÷;á�ìgß�ìëà¢ákð � áZî�ß¨ò�ã�ìëä1åëä1Þ¨Ý�ê�êsà¢Þeßã�î"÷;á�ì�êsà¢ò�Þ·ß�à�òqß
x 6= x0

∆(x) =
ln(x) − ln(x0)

x − x0

,

∆(x) =
ln(x) − ln(x0)

exp (ln(x)) − exp (ln(x0))
.

�¦à¢áqâ¨ì�ãqî`Þ¨à�á�â�åõÝ �_à¢á�í"ß�ìëà¢á�ã�î�÷;áqì�ä�ä`á�ß�à¢ò¹ß�êCà¢ìëá�ß
u 6= ln(x0)

φ(u) =
u − ln(x0)

exp(u) − exp (ln(x0))
.

�¦à¢é�êqß¨ä�ß�ä`á�òã�ä�åõÝ+óÉÝ�å�ä�ò�Þ·ã�ä�åõÝ0ãqî`Þ¨ìgó¢î�äXã�ä�å�Ý �_à¢á�í�ß¨ì�à¢á
exp

à¢áÝ

lim
u→ln(x0)

φ(u) =
1

exp (ln(x0))
=

1

x0
.

�<ä�ê�åëò�â�á�à¢ò�â�â¨Ý{ó�à¢á�âºø�ò�ä
ln
ä`ânß�í�à¢á�ß�ìëáFòqä�þOã�à¢á�í�ø�ò�ä
lim

x→x0

ln(x) = ln(x0).

�-ÝÉì�â
∆(x) = φ ◦ ln(x),ã�à�á�í!ê�Ý�Þ�ÝÉê�ê�å�ìëí&ÝÉß¨ì�à¢á�ãqò+ß ��î�à¢Þ ��é1ä�â¨òqÞhå�Ýºåëì�é�ìëß�ä�ãkæùòqá�ä¦í�à¢é1êsà¢âeî`ä�á�à¢ò�âhà¢ûqß�ä�á�à¢á�â

lim
x→x0

∆(x) =
1

x0

.

ÜhÝ�Þ�â¨ò�ìgß�ä

(ln(x))′ =
1

x
.

� �N���ÏÖh× ��Û�5 �Õ.Û�×XÔ 9=Ø����� �?×+Ô�Ú!Õ.Û"×+Ô �����°×XÔ���Ô*Õ.Û��������
�¦ä"ß¨ß�ä�âeä`í�ß¨ì�à¢áHä`ânßºò�á�ä�ê;Ý�Þnß�ì�ä�ø�ò�ì�êsä`ò¹ß�ï"ß�ÞeäXÝÉûCà¢Þeã�î`ä�âeà¢ò�â �_à¢Þ¨é�ä�ãkæùÝ�í�ß¨ìëóFìëß¨î`â�ð

ÿ  



� $&% 'C13(JQS+�� 1B( +:4 �D(���K&E Q �*)��82�46(H48( K:E ),E0/8O>(D/�),(H4��
	�56K:( 1
� ��ä�Þ¨í���à�á�â!ß¨à¢òqß�ãkæùÝ�ûsà¢Þ¨ã�åõÝ�êsà¢â¨ìgß�ìëà¢á*ã�ä�åõÝ�í`à�ò�Þ¨ûsä�Þ¨ä`êqÞ¨î`âeä`á�ß)Ý?ß�ìëó�ä<ã�ä�å�Ý �_à�á�í�ß¨ì�à¢áäTèqêsà¢á�ä�á�ß�ì�ä�å�åëä�ãkæçî`ø�ò;Ý?ß�ì�à�á

y = ex
ê;Ý�Þ�Þ�Ý�ê�êsà¢Þnß·ôXâ¨ÝXß)ÝÉá��¢ä`á�ß¨ä�ôXå^æùà¢Þeì��¢ìëá�ä·ãkæçî`ø�ò;Ý?ýß¨ì�à¢á

y = x + 1
ðJÜhà¢ò�Þ<í`ä`å�ÝVà¢á°î�ß¨ò�ã�ìëä0åõÝ �_à�á�í�ß¨ì�à¢á

δ(x) = ex − (x + 1)
ã�à¢á�ß�å�Ýã�î�Þ¨ìgó¢î`ä¦ä`âeß

ex−1
ðÉü.Ý �_à¢á�í"ß�ìëà¢á

δ
ä`ânß%ã�à¢á�í!ã�î`í�Þ¨à¢ìëâ¨â¨Ý�á�ß�ä§êsà¢ò�Þ

x ≤ 0
ä�ßÌí�Þ¨à¢ìëâ¨â¨Ý�á�ß�äêsà¢ò�Þ

x ≥ 0
ð�ü�ä·é�ì�á�ìëé0ò�é ä`ânß!ÝÉß¨ß¨ä`ì�á�ß�ä�á

x = 0
ä"ß�óÉÝ�ò¹ß

0
ð ,%á�í`à¢áqâ¨î`ø�ò�ä�á�í`ä�êCà�ò�Þß¨à¢òqß

x
à¢á°Ý

δ(x) ≥ 0
ðJü.ÝVí`à�ò�Þ¨ûsä0Þ¨ä�ê�Þ¨î�â¨ä�á�ß�ÝÉß�ìgó¢ä8ã�ä0å�Ý��_à¢áqí�ß�ìëà¢á	äTèqêsà¢á�ä�á�ß�ì�ä�å�åëää�âeß�Ý�ò�ã�ä`âeâ¨ò�â�ã�ä�â�Ý*ß)Ý�á �¢ä`á�ß�äÁô*åMæçà¢Þeì��¢ìëá�ä=�

ex − (1 + x) ≥ 0.
� xF~��qy�� �Yx � ,%áê�Ý�â¨â¨Ý�á�ß�Ý�òHå�à���Ý�Þ¨ìgß ��é�äºà¢áà�ûqß�ìëä`á�ß

ln(1 + x) ≤ x.

�-ÝÉì�á�ß�ä�á;Ý�á�ß*à¢áÂâeäÏê�åõÝÉí`ä�ä�á�ò�á�êsà¢ì�á�ß
x0

ä"ß*à¢áÂí�à¢é1ê�Ý�Þ¨ä
ex

Ý{ó�ä`íÏå�Ýß)Ý�á �¢ä`á�ß�ä
ex0(x − x0 + 1)

ä`á
x0

ð �<åëà¢Þ¨â
ex − ex0(x − x0 + 1) = ex0(ex−x0 − (x − x0 + 1)) ≥ 0.

ü.Ý*í`à¢òqÞ¨ûsäÁä�âeßºã�à¢áqíXÝÉòã�ä�â¨âeò�â�ãqä�ß¨à¢òqß¨ä`â�â¨ä�âºß�Ý�á��¢ä�á�ß¨ä`â�ð
� à�ìëß·ò�áHÞ¨î�ä`å

x
øFòJæùà¢áHêsà¢ò�Þ¨Þ¨Ý*â¨ò�ê�êsà¢âeä`Þ

≥ 0
ã�Ý�á�â�ò�áHê�Þ¨ä�é1ìëä`Þ¦ß¨ä`é�ê�â`ð

�¦à¢áqâ¨ì�ãqî`Þ¨à�á�â<å^æùìëá�ß¨ä`Þnó�ÝÉå�å�ä
[0, x]

ø�òkæçà¢á	ã�î�í`à¢òqêCäXä`á
n
ì�á�ß�ä�ÞeóÉÝ�å�åëä`â

Ik = [xk, xk+1]
þà��

xk = kx/n
�
k = 0, 1, · · · , n − 1

!Tð ��ä`é1Ý�Þ¨ø�ò�à¢áqâºø�ò�ä
x0 = 0

ä�ß
xn = x

ð
� áVí�à¢á�âeß¨Þ¨ò�ìgß§ÝÉå�à¢Þeâ!ê;ÝÉÞ¦åõÝÁé1î"ß ��àFã�äºã�ä�å�Ý�ß�Ý�á��¢ä�á�ß¨ä�ãkæ ,%ò�å�ä�Þ§Ý�ê�êqå�ì�ø�ò�î�ä�ôÁåMæçî`ø�ò;Ý?ýß¨ì�à¢áÏã�ì�	Jî�Þ¨ä�á�ß¨ì�ä�å�å�ä

y′ = y
å�ä�â�êCà¢ìëá�ß�â

yk

y0 = 1

yk+1 = yk + y′

k(xk+1 − xk),í�äÁø�ò�ì�ãqà¢á�á�ä�ê�ò�ìëâ¨ø�ò�ä
y′

k = yk

ä�ß
(xk+1 − xk) = x/n

yk+1 = yk + yk

(x

n

)

= yk

(

1 +
x

n

)

.

� á�ä`áHí`à¢áqí`å�ò¹ß�ø�ò�ä
yn =

(

1 +
x

n

)n

.

ÿ�=



� xF~Â~Zx����
	10k���)�?¥F��¼"����� �s�)�)�{�"�;�M���K�j���Á�F���g�º�&�?�J�"�K�M�?�
exp

�)�"�!��¥�F�)�)�"¥����F���g��Å�g¤��J�§�;�?�Å�`¤F�?�s�����Á�F�_µ��;�M�¦�q���Á���)�¦�;�?�j�;�_�
(xk, yk)

�;:
0 ≤ k ≤ n

�
� y�x���wsx�� ñ�àÉß�à¢á�â

zk = exk
ð

� á�é1à�á�ß¨Þ¨ä%ê;ÝÉÞYÞeî`í�ò�Þ¨Þeä`á�í�ä!ø�ò�ä�â¨òqÞYå^æùìëá�ß�ä`ÞnóÉÝ�å�åëä
[xk, xk+1]

åõÝ§í`à�ò�Þ¨ûsä�ä`âeßhÝ�òÁã�ä�â¨â¨òqâã�òRâ¨ä �¢é1ä�á�ß�ãkæçà¢Þeì��¢ìëá�ä
(xk, yk)

ä"ß�ãJæùäTè¹ß¨Þ¨î�é1ìgß�î
(xk+1, yk+1)

ð�Ühà�ò�Þ
k = 0

í�ä`í�ìê�Þeà{ó¹ìëä`á�ßºã�ò �KÝÉìëß�ø�ò�äÁåõÝ*í`à¢òqÞ¨ûsäXä�âeß<Ý�òãqä`â¨âeò�â<ãqäXâ¨Ý�ß)ÝÉá��¢ä`á�ß¨äXä�á
0
ð � ò�ê�êsà¢â¨à¢áqâåëäVÞ¨î�â¨ò�ågß)ÝÉß0óFÞ¨Ý�ì��eò�âeøFòJæ ô°åMæçà¢Þeã�Þ¨ä

k
ð � ì

k ≥ n − 1
ì�å�ákæ 
�Ý°Þ¨ìëä`ácô	é�à¢á�ß�Þ¨ä�Þ`ð � ì

0 ≤ k ≤ n − 2
þkÝ�å�à¢Þeâ

yk ≤ zk

ê;ÝÉÞ � 
Fêsà�ß � �`â¨ä�ã�ä8Þ¨î�í`ò�ÞeÞ¨ä�á�í`äÉþhä�á í�à¢á�â¨î�ø�ò�ä`á�í�äå�Ý�ß�Ý�á��¢ä�á�ß¨äVôHåõÝí�à¢ò�ÞeûCä�Ý�òZêsà¢ì�á�ß
xk

ãJæùî�øFò�ÝÉß�ìëà¢á
y = zk(x − xk + 1)

ä`ânß0â¨òqÞå^æùìëá�ß¨ä`Þnó�ÝÉå�å�ä
[xk, xk+1]

Ý�ò�ã�ä`âeâ¨ò�â¦ã�ä�å�ÝÁãqÞ¨à¢ìgß�ä
y = yk(x−xk +1)

� é1à¢Þeí`ä`Ý�ò�ã�äºåõÝåëì��¢á�ä<êCà¢å�
�¢à¢á;Ý�åëä !Tð � Þºå�Ý*í`à¢ò�ÞeûCä�ä�âeß<Ý�òãqä`â¨âeò�â�ã�ä�â¨Ý�ß)ÝÉá��¢ä`á�ß¨ä�þOã�à¢á�íÁô �_à¢Þeß¨ì�à¢ÞeìÝ�ò�ã�ä�â¨âeò�â<ã�ä�å�Ý0å�ì���á�ä�êsà¢å�
�¢à¢á�Ý�å�äÉð
,%áHí`à¢á�âeî`ø�ò�ä�á�í`ä

(

1 +
x

n

)n

≤ ex.

� áÏêsä`òqßºÝ�òqâ¨â¨ìJà¢ûqß�ä�á�ì�Þ¦ò�á�ä�é1Ý��eà¢Þ�Ý?ß�ì�à�á�â¨òqÞ·ò�áÏêCä"ß�ìgß·ì�á�ß�ä�ÞeóÉÝ�åëå�äºã�ä�åõÝ+ãqì�	Cî`Þ¨ä�á�í`ää�á�ß¨Þ¨ä�åõÝ �_à¢áqí�ß�ìëà¢áÏä�ßºâ¨Ý8ß�Ý�á��¢ä�á�ß¨ä�ð
� xF~��qy�� �Yx � � à¢ìgß

h > 0
ß¨ä`åkø�ò�äÁêCà�ò�Þ§ß�à¢ò¹ß

0 ≤ x ≤ h
à¢áÝ�ìgß

ex − 1 ≤ 2x
� ì�åOâ¨òqú8ß�ãkæçî�ß¨ò�ã�ìëä`Þ§å�Ý �_à¢á�í"ß�ìëà¢á

ex − 1− 2x
ãqà¢á�ß·åõÝ+ãqî`Þ¨ìgó¢î�ä�ä`ânß

ex − 2
êsà¢ò�Þ!ó�à¢ì�Þø�òkæçà¢áHêCä�òqß�ß�Þ¨à�òqó¢ä�ÞºòqáHß¨ä`å

h
!"ð

��å�à¢Þeâ·ê;Ý�Þ·ì�á�ß¨î �¢Þ¨ÝÉß�ìëà¢á
∫ x

0

(et − 1)dt ≤ 2

∫ x

0

tdt

í�äÁø�ò�ì�ãqà¢á�á�ä�êsà¢ò�Þ·ß�à¢ò¹ß
0 ≤ x ≤ h

ex − (1 + x) ≤ x2.

���	� �Oy�
¹~ x����
	
lim

n→+∞

(

1 +
x

n

)n

= ex.

ÿ��



� y�x���wsx�� ñ�àÉß�à¢á�â
zk = exp(xk).

�<î"÷;á�ìëâ¨â¨à�á�â
w0 = 0

ä�ß0êCà¢òqÞ
1 ≤ k ≤ n wk

ä�âeß*åëä�êsà¢ì�á�ßXãkæùÝ�û�â¨í�ì�âeâ¨ä
xk

ãqäVåõÝß�Ý�á��¢ä�á�ß¨äÁô8å�Ý*í`à¢ò�ÞeûCäÁÝ�ò�êsà¢ì�á�ß
xk−1

ð �<å�à�Þ¨â§êsà¢ò�Þ
1 ≤ k ≤ n

à¢áHÝ
wk = exk−1(1 +

x

n
).

ü�ä`â
yk

â¨à¢á�ß�à¢û¹ß�ä`á�ò�âÁê;Ý�Þ<åõÝVé�î�ß �qà¹ã�ä*ãqä�å�Ý1ß)ÝÉá��¢ä`á�ß¨ä�ãJæ ,%ò�åëä`Þ�í�æçä`ânßXô�ãqì�Þ¨ä*ø�ò�ä
y0 = 0

ä�ßºêCà�ò�Þ
1 ≤ k ≤ n

à¢áHÝ
yk = yk−1(1 +

x

n
).

� áHÝ1ÝÉå�à¢Þeâ
yk ≤ wk ≤ zk.

,ÌóÉÝ�å�òqà¢á�â·åõÝ*ã�ì�	Jî�Þ¨ä�á�í`ä
zk − wk

0 ≤ zk − wk = exk − exk−1(1 +
x

n
),

0 ≤ zk − wk = exk−1

(

e
x
n − (1 +

x

n
)
)

,

ä"ß�âeì
x/n

ä`ânßºê�å�ò�â·êsä�ß¨ìëß�ø�ò�ä�å�ä
h
ß�Þ¨à�òqó¢î�ã;Ý�áqâ�å�Ý0Þ¨ä`é1Ý�ÞeøFòqäÁêqÞ¨î`í�î`ã�ä�á�ß�ä

0 ≤ zk − wk ≤ ex
(x

n

)2

.

,ÌóÉÝ�å�òqà¢á�â·é1Ý�ì�á�ß�ä�á;Ý�á�ß�åõÝ0ãqì�	Cî`Þ¨ä�á�í`ä
wk − yk

wk − yk = (zk−1 − yk−1)(1 +
x

n
).

�<à�á�í

0 ≤ zk − yk ≤ ex
(x

n

)2

+ (zk−1 − yk−1)(1 +
x

n
).

� á�í&Ý�åëí`ò�åëä�Ý�å�à�Þ¨â
z0 − y0 = 0,

0 ≤ z1 − y1 ≤ ex
(x

n

)2

,

ÿ �



0 ≤ z2 − y2 ≤ ex
(x

n

)2 (

2 +
x

n

)

,

ä"ß�êqå�ò�â �¢î�á�î`Þ¨Ý�å�ä�é1ä�á�ß

0 ≤ zn − yn ≤ ex
(x

n

)2 (

n +
x

n

)

.

ÜhÝ�Þ�â¨ò�ìgß�ä
lim

n→+∞

(zn − yn) = 0,

í�äÁø�ò�ì.ÝÉí�����ó�ä+åõÝ0ãqî`é�à¢á�âeß¨Þ�ÝÉß¨ì�à¢á � ä�ßºå�ä�â�î`å��"ó¢ä�â"!"ð
� xF~��qy�� �YxÏ� ,%á0ß�Þ¨Ý{óÉÝ�ìëå�å�Ý�á�ßhâeò�Þ%å�ä�âÌå�à���Ý�Þ¨ìgß ��é�ä`â.à¢á*é�à¢á�ß�Þeä �KÝ�í�ì�åëä`é�ä`á�ßÌåëä!ß �qî`àÉýÞ �`é�ä 	 ð ÿ ð �¦ä`êsä`á�ã�Ý�á�ß<å�Ý8ãqî`é�à¢á�âeß¨Þ�ÝÉß¨ì�à¢áÏêqÞ¨î`í�î`ã�ä�á�ß�ä+ä�âeß�ß�Þ �`â�ì�áqâeß�Þeò�í�ß¨ìëó�ä�ð
,%áHòqß�ìëå�ì�â¨Ý�á�ß§å�Ý �_à�á�í�ß¨ì�à¢á

ln
à�áí`Ý�å�í�ò�å�ä�ä�áä 	Jä"ß

ln

(

(

1 +
x

n

)n
)

= n ln
(

1 +
x

n

)

,

ä"ß�ãqà¢á�í�ä`á�ó¢ä�Þeß�òHã�ä�åõÝ �_à¢Þeé0ò�åëä � T !¦ãqòê;ÝÉÞ�Ý��¢Þ¨Ý�ê���ä � à¢áHà¢ûqß¨ì�ä�á�ß

lim
n→+∞

ln

(

(

1 +
x

n

)n
)

= x.

ü.Ý*í`à¢á�ß¨ì�á�ò�ìëß¨î�ã�ä�åõÝ �_à¢á�í"ß�ìëà¢á
exp

á�à¢ò�â�êsä`Þ¨é�ä�ß�ãJæ Ý&ó¢à�ì�Þ�Ý�åëà¢Þ¨â

lim
n→+∞

(

(

1 +
x

n

)n
)

= exp(x).

� $ # � (D56� +��JQS( +:4 �D( ��+-) � 1BE ),+:20/ 46(<K � +:/�) �DOP1BE ),+&2>/
,%áHê;Ý�Þeß�Ý�á�ß�ã�ä�åMæçî`ø�ò;ÝÉß¨ì�à¢áÏãqì�	Cî`Þ¨ä�á�ß�ì�ä�å�åëä

y′ = y
à¢áHâ¨ä�Þeä`á�ãHí`à¢é�êqß¨ä�øFòqäXå�Ý �_à¢á�í"ýß¨ì�à¢áÏäTèqêsà¢á�ä�á�ß�ì�ä�å�åëä�Þ¨î&ÝÉå�ì�âeä

exp(x) = 1 +

∫ x

0

exp(t)dt.

ÜhÝ�Þeß¨à¢á�â�ãqà¢á�í�ãkæùòqá�ä �_à¢áqí�ß�ìëà¢á
f0

óÉÝ�å�Ý�á�ß
1
Ý�ò+êsà¢ìëá�ß

0
ä�ßhí&Ý�åëí`ò�åëà¢á�âYê;Ý�ÞYÞ¨î`í�ò�Þ¨Þeä`á�í�ä

fn(x) = 1 +

∫ x

0

fn−1(t)dt.

Ü%Þ¨ä�á�à¢á�âºê;Ý�Þ·äTè¹ä`é�ê�å�ä
f0 = 1

� �_à¢á�í"ß�ì�à�áHí�à¢á�ânß)Ý�á�ß�ä�óÉÝ�åõÝÉá�ß¦ß�à¢ò �eà�ò�Þ¨â
1
!Tð �<åëà¢Þ¨â

ÿ 	



f1(x) = 1 + x,

f2(x) = 1 + x +
x2

2!
,ä"ß�êqå�ò�â �¢î�á�î`Þ¨Ý�å�ä�é1ä�á�ß

fn(x) = 1 + x + · · ·+
xn

n!
.

���	� �Oy�
¹~ x������
lim

n→+∞

(1 + x + · · · +
xn

n!
) = ex.

� y�x���wsx�� Ühà�â¨à¢á�â
f(x) = exp(x)

ð � à¢ìëß
Mx = sup

t∈[0,x]

|f0(t) − f(t)| = |ex − 1|.

��å�à¢Þeâ·êCà¢ò¹ß·ß�à¢òqß
0 ≤ u ≤ x

f1(u) − f(u) =

∫ u

0

(f0(v) − f(v))dv

|f1(u) − f(u)| ≤ uMx,

f2(u) − f(u) =

∫ u

0

(f1(v) − f(v))dv,

ã�à�á�í
|f2(u) − f(u)| ≤

∫ u

0

vMx dv =
u2

2
Mx,ä"ß�êqå�ò�â �¢î�á�î`Þ¨Ý�å�ä�é1ä�á�ß

|fn(u) − f(u)| ≤ Mx

un+1

(n + 1)!
.

�¦ä�í`ìkä�âeß�ä`á�ê;ÝÉÞeß�ìëí`ò�åëì�ä�Þ�óFÞ�ÝÉìJêsà¢ò�Þ
x
ðqüYÝ0âeò�ìëß¨ä�ã�ä�ß¨ä`Þ¨é�ä��¢î�á�î`Þ¨Ý�å

fn(x)
í`à�á�ó�ä`Þ �¢äó�ä`Þ¨â

ex
ð

� �5Ô�Ô������ Ó �<��� �ÖYÕ �§Õ �� 5 ÁÔÏÛ 7§Ö � Ø�� Ö �§Õ.×$5��.�§Ö
9.ÙÏÖ 9J�69 ��Û���Ø 9

� å�â�æ Ý���ìëß·ìëí`ìkã�ä�ã�î�é1à�á�ß¨Þ¨ä�Þºåëä�ß ��î�à¢Þ ��é1ä � ÿ !"ð
ÿ �



� $&% 	 � + � ),(D/67*(
�<î"÷;á�ìëâ¨â¨à�á�â�êsà¢ò�Þ§ß¨à¢òqß

x > 0

f(x) =

∫ x

1

1

t
dt.

�¦ä"ß¨ß�ä �_à�á�í�ß¨ì�à¢áÂä�âeß8ânß�Þ¨ìëí�ß¨ä`é�ä`á�ß*í`Þeà¢ì�âeâ�Ý�á�ß¨äÏâ¨ò�Þ
]0, +∞[

� ãqäVã�î`Þeìëó�î`ä
1/x

!"ð � áó�î`Þ¨ìg÷;ä�ø�ò�ä
f(1) = 0

þ;ê�ò�ìëâ·ø�ò�äXêsà¢ò�ÞºÝ ���qþ
(f(ax))′ = 1/x

í`ä�ø�ò�ì.ì�é�ê�å�ìëøFòqä�ø�ò�ä
f(ax) = f(x) + k �

à�áRí`Ý�å�í�ò�å�ä
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