
����������	
���
�����������������
��� ���!�����#"���$�%&�
ABC ' ���(�)%&���+*��,���-�/.0�����#.���� �0���(�1���2���,� ' �/�����3���4.����5.2�����2"��(�3����6 ' ���7�982��� ' ���;:< ' ���;:=�5���?>����3>7��� ' ��.0��%@"��,�����-A

BDC5E�F�G 	 C5H �JI��5"�% K��-�ML�N O�P7Q)R�PTS/U/V,O�P�W;X&YZS/U/V,O�P�W;X&Y
ABC [ P7\�S2\�P7Q d

X,OM]^U2\�V@S2Y
(AC) [ SA [ SB

Y�S
SC

X&Y0Q�U2_�`(Y�a^V&\�P7Q
b O�UcU�O b7b \�U/SdO�R^aeS/U2\�V&Qcf�V&Q2Q2Y0g�S/U/V&g0Y0QZV@P�S2_�U/V&Y�R�U2Y0Q [ g0\�P�S2Y�P(O�P�S A B

Y�S
C hi PjO

SB(SA)(d)) = SB(AB) = (CB) = SC(d).

i RkY�P7g0\�U2Y

(SC ◦ SB ◦ SA)(d) = d.

lmOng0\�o b \;Q2_0Ye]�Y=S/U2\�V&Q+U2_�`(Y�a^V&\�P7QT]Dp Oqa�Y0QTg0\�P7g0\�R^rU�O�P�S2QMY0Q/S�R�P7Y4U2_�`(Y�a^V&\�Ps]�\�P�S
d
Y0Q/S�R�P7Yt]^U2\�V@S2YtV@P^r

u O�U/V,O�P�S2Y h�v \�oTowY d
P�p Y0Q/S b O�Qyx�a�Y b \�V@P�S b O�U b \�V@P�S

b R�V&Q2z�R�p Y�X@X&Y=P7Y=g0\�P�S/V&Y�P�S b O�Q O [ Y�X@X&Y{Y0Q/S+\�U/S/|7\�W�\�rP(O�X&Y~}+X�p Oqa�Y ]�Y X,OtU2_�`(Y�a^V&\�Pj\�f�S2Y�P�R7Y h
x7W;R�U2Yw�

��������������.0���#���
L
� b�b Y�X&\�P7Q θ

X�p O�P�W;X&Yj��]�_�x7P�V�}
π b U2�0Q��d]�Y0Q4]^U2\�V@S2Y0Q

(D̂a, Db) � Y�Sj]�_0Q2\�U/o?O�V&Q SA SB

Y�S
SC

X&Y0QkU2_�r
`(Y�a^V&\�P7Q b O�UZU�O b�b \�U/SMO�R^ae]^U2\�V@S2Y0Q Da [ Db [ Y�S Dc h�3XDY�a^V&Q/S2Y R�P7YMU2_�`(Y�a^V&\�P

S
]Dp Oqa�Y

D
S2Y�X@X&Y~z�R7Y

SB ◦ SA = <2θ = SC ◦ S,

b O�U�Y�a�Y�o b X&Y D = <−θ(Dc) h lmO�]^U2\�V@S2Y d
Y0Q/S

g0\�P7Q/S/U/R�V@S2Y b Y�U b Y�P7]^V&g�R�X,O�V@U�Yt} D hlmO?]^U2\�V@S2Y
d
O�V@P7Q/Vyg0\�P7Q/S/U/R�V@S2Y+Y0Q/SMQ2_0g-O�P�S�Y+}

Dc

Y�P
C
��\�PnO

(̂d, Dc) = θ + π

2
6= 0 [π]

� h��X@X&Y4Y0Q/SMO�R7Q2Q/VmQ2_0g-O�P�S2Yt}
Da

Y�P
A h ��PnY��DY�SdQ/V Da_�S�O�V@S b O�U�O�X@X&��X&YT} d [ Y�SM]�\�P7gt\�U/S/|7\�W�\�P(O�X&Yw} D [ \�PO�R�U�O�V@S

Da = S(Da) = (SC ◦ SB ◦ SA)(Da)

]�\�P7g
Da == (SC ◦ SB)(Da)Y�ScX,O+U2\�S�O�S/V&\�P

(SC ◦ SB)
Q2Y�U�O�V@S�]Dp O�P�W;X&Y~P�R�X��#}

πb U2�0Q�� h l�Y0Q�]^U2\�V@S2Y0Q Db

Y�S
Dc

Q2Y�U�O�V&Y�P�S�]�\�P7g~\�U/S/|7\�r
W�\�P(O�X&Y0Q [ g0Y z�R�V�Y0Q/SZY�a�g�X@R hi P�S/U2\�R u Y{X&Y0Q?O�R�S/U2Y0Qwg0��S2_0QT]^R�S/U/V,O�P�W;X&Y [ g0\�oTowYV@o?O�W�Y0Q+]�Y

d b O�UtX&Y0Q4U2_�`(Y�a^V&\�P7Q+]Dp Oqa�Y0Q Da

Y�S
Dc�/.#�ex7We�^��� h

x7W;R�U2Y4�

� K��(�
�����-�tL�lmOTQ/��P�S2|7�0Q2Y g0\�P7Q/V&Q/S2Y~}+]�_�ow\�P�S/U2Y�Udz�R7Y
SA(d)

Y�S
SC(d)

Q2\�P�SZQ2_0g-O�P�S2Y0QZY�PkR�P b \�V@P�S B
]�Y

Db h�



•
l)p O�P�W;X&Y

( ̂SA(d), SC(d)) = −( ̂(SC ◦ SA)(d), d)
Y�SMV@X�P�p Y0Q/S b O�Q P�R�X1} π b U2�0Q~g-O�U X�p O�P�W;X&YT]�YtX,O=U2\�S�O�S/V&\�P

SC ◦ SA

P�p Y0Q/S b O�QcP�R�X [ b R�V&Q2z�R7YMX&Y0QZ]^U2\�V@S2Y0Q Da

Y�S
Dc

P7Y Q2\�P�S b O�Q b Y�U b Y�P7]^V&g�R�X,O�V&U2Y0Q h
• � \�V@S B

X&Y b \�V@P�S�]Dp V@P�S2Y�U2Q2Y0g�S/V&\�P��

� l)p V@o?O�W�Y SB(B)
O b�b O�U/S/V&Y�P�S�}�X,O�]^U2\�V@S2Y

(SB ◦ SA)(d) h i U b R�V&Q2z�R7Y d
Y0Q/S \�U/S/|7\�W�\�P(O�X1}

X�p Oqa�Y~]�Y
S

(SB◦SA)(d) = (SC ◦S)(d) = SC(d) = (CB)

� l)p V@o?O�W�Y SB(B)
O b�b O�U/S/V&Y�P�S�}�X,O�]^U2\�V@S2Y

(SB ◦ SC)(d) h
(SB◦SC)(d) = (SB◦SC)(S(d)) = (SB◦SC◦S)(d)

(SB ◦ SC)(d) = SA(d) = (AB).
��V@P(O�X&Y�owY�P�S [ SB(B) = (AB) ∩ (BC) = {B} � X&Yb \�V@P�S B

Y0Q/S�x�a�Y b O�U
SB h x7W;R�U2Y4�

����������	
���!�����������������
��� ���!�����#"���$�%&�
ABC ' ���(�)%&���+*��,���-�/.0�����#.���� �0���(�1���2���,� ' �/�����3���4.����5.2�����2"��(�3����6 ' ���7�982��� ' ���;:< ' ���;:=�5���?>����3>7��� ' ��.0��%@"��,�����-A

BDC5E�F�G 	 C5H � I��5"�% K��-�tL

� V�X&Y)S/U/V,O�P�W;X&Y1P�p Y0Q/S b O�Qm_0z�R�V@X,O�S2_�U�O�X [ V@X�P�p Y0Q/S b O�QmV&Q2\�g0��X&Y1Y�P
C b O�UdY�a�Y�o b X&Y h l�Y0Q�f�V&Q2Q2Y0g�S/U/V&g0Y0Q�Y�a^S2_�U/V&Y�R�U2Y0Qd]�Y0QdO�P�W;X&Y0QY�P

A
Y�S

B
Q2Ycg0\�R b Y�P�S�O�X&\�U2Q)Y�P Q h l�YZg0Y�U2g�X&YZ]�YZ]^V,O�ow��S/U2Y

OQ
Y�S�]�Y g0Y�P�S/U2Y

I
g0\�P�S/V&Y�P�SMO�X&\�U2Q

B
Y�S

C h

x7W;R�U2Y ¡
��������������.0���#���
L
¢�P b \�V@P�S4z�R7Y�X&g�\�P(z�R7Y Q

]�Y
Dc

Q2Y b U2\�£¤Y�S/S2Yw\�U/S/|7\�W�\�P(OqrX&Y�owY�P�S4Q/R�U
Db

Y�S
Da

Y�P
B
Y�S

A h i PsS/U�O�g0YTX�p V@o?O�W�Yw]�Y
(AB)

]7O�P7QcX,O+U2_�`(Y�a^V&\�Pj]Dp Oqa�Y
(OB) h

� V7X,O ]^U�\�V¥S�YdO�V@P7Q/V(g0\�P7Q/S/U/R�V@S2Y�Y0Q/S b O�U�O�X@X&��X@YM} Dc

O�X@\�U�Q1Y�X@X&Y
Y0Q/SZQ2_0g-O�P�S2Y4}

Da

Y�P
A′
�/.#�ex7W h(¦ � h7§ O�U b O�U�O�X@X&_�X@V&Q/owY

( ̂(AA′); (A′B)) = ( ̂(AO); (OQ))

Y�S=g0\�oTowYjX&YkS/U/V,O�P�W;X&Yn]�Ykf(O�Q2Y
[AO]

Y�S=]�YnQ2\�oTowY�S?X&Y
g0Y�P�S/U2Y~]^Rjg0Y�U2g�X&Y~Y0Q/ScV&Q2\�g0��X&YT�

( ̂(AA′); (A′B)) = ( ̂(AO); (AB)).

��V@P(O�X&Y�owY�P�StX&YTS/U/V,O�P�W;X&Y
AOB

Q2Y�U�O�V@S4U2Y0g�S�O�P�W;X&Y?Y�P
O
g0Y

z�R�V�Y0Q/S Y�a�g�X@R b R�V&Q2z�R7Y+X&Y0Q ]^U2\�V@S2Y0Q~Q2\�P�S g�|7\�V&Q/V&Y0QMP7\�P
\�U¤rS/|7\�W�\�P(O�X&Y0Q h
x7W;R�U2Y4¨

�



i P+g0\�P7Q/S/U/R�V@Sy]�\�P7g�X&Y b \�V@P�S C
}ZX�p V¥P�S2Y�U2Q2Y0g�S/V&\�PT]�Y1X�p V@o?O�W�Y

]�Y
(AB)

](O�P7QcX,OtU2_�`(Y�a^V&\�Pj]Dp Oqa�Y
(OB)

Y�S�]�Y
Dc h

x7W;R�U2Y ¦� K��(�
�����-�tL
§ O�U4g0\�P7Q/S/U/R7g�S/V&\�P Db

Y0Q/S f�V&Q2Q2Y0g�S/U/V&g0Yw]�Y+X�p O�P�W;X&YwY�P
B h l)p O�R�S/U2YTf�V&Q2Q2Y0g�S/U/V&g0Yw\�U/S/|7\�W�\�P(O�X&Y?Y0Q/S X,O{]^U2\�V@S2Y (BQ) h lmO]^U2\�V@S2Y

(AB)
g0\�R b Y Dc

Y�P
P h ��©�©-g-O�ª0ªt}4«�O�V@U2Yq� [ X,O+]^V u V&Q/V&\�P [Q; O; P ; C]

Y0Q/SZ|(O�U/ow\�P�V&z�R7Y h

P

l�Y
«�O�V&Q2g0Y-O�R¬]�Y�]^U2\�V@S2Y0Q
[(AQ); (AO); (AP ); (AC)]

Y0Q/S
]�\�P7g
X@R�V+O�R7Q2Q/V4|(O�U/ow\�P�V&z�R7Y hd­ O�V&Qjg0\�oTowY®X&Y0Qj]^U2\�V@S2Y0Q
(AQ)

Y�S
(AO)

Q2\�P�S�\�U/S/|7\�W�\�P(O�X&Y0Q [ g0Y0g�V^Q/V@W;P�V¥x(Y�z�R7Y (AQ)Y�S
(AO)

Q2\�P�SZX&Y0Qcf�V&Q2Q2Y0g�S/U/V&g0Y0Q�]�Y X�p O�P�W;X&Y~Y�P
A h l�Y b \�V@P�S

O
Y0Q/SwX&Y b \�V¥P�S=]Dp V@P�S2Y�U2Q2Y0g�S/V&\�P¯]�Y0Qwf�V&Q2Q2Y0g�S/U/V&g0Y0Q=]7O�P7Q?X&YS/U/V,O�P�W;X&Y

ABC h
x7W;R�U2Yt°

�


